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Analysis of the performance of the electric-field-driven liquid crystal lens (ELC Lens) for light of
various incident angles

HyungKi Hong*

Department of Optometry, Seoul National University of Science and Technology, Nowon-gu, Seoul, Republic of Korea

(Received 4 May 2012; final version received 21 May 2012)

The electric-field-driven liquid crystal lens (ELC) induces the lens effect by the spatially non-uniform distribution
of the refractive index. A scheme to analyse the performance of the ELC lens for the lights of various incident
angles is devised by the calculation of the phase through the ELC lens and the determination of light ray directions
from these phases. The calculated results show that the ELC lens changes the incident light of the plane wave into
a focused wave and the focal distance becomes shorter for larger incident angles.

Keywords: controllable lens; liquid crystal lens; light ray; wave front; autostereoscopic 3D; GRIN lens

1. Introduction

Nowadays, 3D technologies are often used in 3D the-
atre and some 3D TV [1, 2]. However, most of the
current commercialised 3D technologies require the
user to wear special eyeglasses to perceive the depth.
Autostereoscopic 3D is one category of 3D technolo-
gies where no special eyeglass is necessary to perceive
the depth. Autostereoscopic 3D typically uses the con-
figuration where the optical elements such as the paral-
lax barrier or the cylindrical lens are placed in front of
the imaging displays [1]. To realise the 2D/3D switch-
ing, various technologies have been reported such as
the change of the refractive index of a liquid crystal
(LC) at the lens-shaped boundary or the change of
the incident polarisation direction passing through an
anisotropic lens [3–5].

One of these reported technologies is the electric-
field-driven LC lens (ELC lens), based on the principle
of the gradient index (GRIN) lens [6, 7]. The princi-
ple of the ELC lens is illustrated in Figure 1. In an
ELC lens, the non-uniform electric field distributions
induce the non-uniform alignment of LC directors and
the non-uniform distribution of the effective refrac-
tive index neff of the LC. The spatial non-uniformity
of neff determines the shape of the wave front and
the light ray direction, similar to the principle of a
GRIN lens.

The performance of the lens for obliquely incident
light is important, especially for display applications
where the viewer’s position is not strictly restricted to
one position. Moreover, it is already well known that
the neff value of a LC is dependent on the direction.
Hence it is expected that the characteristics of an ELC
lens may be affected by the direction of the incident
light. The analysis of the angular dependence of the
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GRIN lens by the Hamiltonian method was recently
reported [8]; however, more research is needed to fully
understand the performance of the lens and the path
of the light rays, especially for the light incident on the
edge of lens.

How the lights of different incident angles are
affected by an ELC lens is investigated in this paper.
Firstly, the distribution condition of the alignments of
the LC directors is adjusted to match the shape of the
intended phase for the case of the incident angle of 0◦.
For this condition, the phase of the propagating light
throughout the ELC lens is calculated for the various
incident angles using the Jones matrix method. Then,
from these calculated data of the spatial phase dis-
tribution, light ray directions are derived and, finally,
how the lights focus is investigated.

2. Theory

The usefulness of a switchable cylindrical lens is espe-
cially important for 2D/3D display and research into
a switchable cylindrical lens has been reported [9, 10].
In this paper, an ELC lens that induces the effect
of the cylindrical lens is considered. The coordinate
system is selected such that the direction of the infinite
radius of lens is along the y-direction as illustrated in
Figure 2(a). It is assumed that the thickness of the LC
cell of the ELC lens is much smaller than the focal
length of the lens and hence the propagating direction
of light does not change inside the LC cell. As ELC
lenses use the spatial distribution of the refractive
index to induce the lens effect, the lens effect is affected
by the light path inside the ELC lens. Figure 2(a) illus-
trates the light path for the normally and the obliquely
incident light. It is assumed that the incident light of
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(a)

(b)

Incident light of plane wave

Focal point

LC

x

z

P2Incident light of plane wave

Plane wave

Focused
light

LC

Figure 1. The principle of the ELC lens using the spatial dis-
tribution of the refractive indices which are caused by the
spatially non-uniform LC alignments. (a) Lens-OFF state
and (b) Lens-ON state. P2 represents the polarisation state
along the y-axis.

linear polarisation of the y-direction is on the xz-plane,
the direction of normal incidence is parallel to the
z-axis and LC directors are aligned homogeneously
along the y-axis. In the case of normal incidence, the
x-coordinate of the light path does not change inside
the ELC lens and the wave front of the same phase,
irrespective of the x-coordinate, is incident on the
lower side of the substrate if the incident light is a plane
wave. However, in the case of the non-zero incident
angle θ in, the x-coordinate of the light path changes
as xi + z sin(θ r) inside the ELC lens, where θ r is the
refractive angle. Also, when the plane wave is incident
on the lower side of the substrate, the phase difference
of k(x2 – x1)sin(θ in) exists between x1 and x2. These
two factors should be considered in calculating the
phase profile of the ELC lens for oblique incidence.

The LC distribution of ELC lens can be treated as
M by N meshes of a finite size where each mesh is a
uniform uniaxial medium as illustrated in Figure 2(b).
When the thickness of the LC cell gap is zN, the LC
cell can be treated as the combination of N layers with
thickness (zN)/N = �z. When the light is incident at
the position of (x1, 0) on the side of the lower substrate,
coordinate (xp, zp) of the light path at the p-th layer
along the z-direction is determined as follows.

xp = x1 + Zp sin(θr) = x1 + p�z sin(θr) (1)

If the distribution of the LC directors of the ELC
lens is known, the effective refractive index neff for each

x

Normal 
incidence

(x1 ,0)

θin

θr

(x2,0)

φ(x’1, zN) φ(x’2, zN)

(xp , zp)
zn

xm

P2

xMzN

0

0

θin

θr

(xm , zn)

(x1 ,0)

(x3 ,0) (x4,0)

z Oblique 
incidence

(a)

(b)

(x3,zN) (x4,zN)

ELC 

LC (x1 + z sinθr, z)

P2

Figure 2. (a) Comparison of the light path between the nor-
mal and the oblique incidence. When the positions from
which light enters the LC layer are different, these cause the
addition phase change k(x2 – x1)sin(θ in) for the plane wave
of oblique incidence. (b) Propagation of the light with the
incident angle θ in through an ELC layer which is treated as
an M by N matrix. (xp, zp) of light path can be determined
from the incident angle θ in and the position x1.

condition of the different incident angle can be deter-
mined at (xp, zp) of the light path. The phase change
at the position (xp, zp) by each mesh of the uniaxial
medium can be written in Jones matrix representation
as follows [11]:

M(x1, xp, zp) = R(−φ2(xp, zp)) P(xp, zp) R(φ2(xp, zp)).
(2)

The rotation matrix R and propagation matrix P
are

R(φ2) =
(

cos φ2 sin φ2

− sin φ2 cos φ2

)

P(xp, zp) =
(

exp
(−i 2π�zno

λ

)
0

0 exp
(
−i 2π�zneff(x1,xp,zp)

λ

))

(3)
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Here, λ represents the wavelength. Then, the over-
all phase change that occurs as the light passes through
zN layers can be derived from the successive multipli-
cation of these matrices.

M(x1) =
zN∑

zp=0

M(x1, xp, zp) (4)

From equation (4) of the matrix multiplication,
the phase induced by the ELC lens can be calculated
for each position where x1 is the x-coordinate of the
position from which light enters the LC cell.

As for the second factor, that the phase difference
exists on the side of the lower substrate, the phase
difference is calculated with respect to the left bound-
ary of the ELC lens. Therefore the phase difference
between the light at positions (x1, 0) and (0, 0) can be
written as kx1sin(θ in).

3. Simulation

Commercial software (Techwiz 2D) is used to calcu-
late the M by N matrix of LC director distributions
under the electric field to induce the cylindrical lens
effect by an ELC lens [12]. The ELC structure used for
the simulation is illustrated in Figure 3. Infinite length
is assumed along the y-direction, so electrodes of infi-
nite length along the y-direction are assumed and LC
distribution along the y-direction is not considered.
In addition, the periodic boundary condition is used
along the x-direction. The pitch of each cylindrical
lens is selected as xM = 0.2 mm in consideration
of an autostereoscopic 2-view display where each
pixel consists of RGB subpixels of the vertical stripe
type and the subpixel pitch of the imaging display
is 0.1 mm. The focal length of the cylindrical lens is
selected as f = 1.7 mm to make the designed viewing
distance 1100 cm. The phase change caused by a lens
of focal length f and lens pitch xM can be written as
follows [7]:

�φ = kx2
L/2f , 0 < xL < xM/2. (5)

Here, xL is the distance from the center of the
lenticular lens along the x-direction. From this equa-
tion, the maximum phase change is �φ = 34 radians
at xL = 0.1 mm. The refractive indices of the LC used
for the simulation are refractive index of extraordi-
nary wave ne = 1.5977 and refractive index of ordinary
wave no = 1.4828. The thickness of the LC cell is
selected as 50 μm to induce a phase change similar
to the maximum phase change of equation (5). As the
maximum phase change is determined by the birefrin-
gence and the cell gap, a LC of higher birefringence

x

z

Electrodes 

50 μm

5 μm 5 μm

xM = 200 μmm

LC

Figure 3. Configuration of the LC cell and the electrode
structure of the ELC lens. Electrodes on the side of the
upper substrate are patterned with an interval of 5 μm and
a width of 5 μm. These electrodes are connected to differ-
ent voltage levels to induce a non-uniform electric field. The
electrode on the side of the lower substrate is connected to
the ground voltage. LC directors of positive �ε are initially
aligned homogeneously.

will result in a thinner cell gap and maybe a faster
response [13]. As the focal length of the lens f = 1.7mm
is much larger than the thickness of the LC cell of ELC
lens, it is assumed that the propagating direction of
light does not change inside the LC cell. LC directors
are selected to be homogeneously aligned along the
y-direction. Other material parameters of LC used for
the simulation are the dielectric constant for extraor-
dinary wave ε(e) = 8.3 and the dielectric constant for
ordinary wave ε(o) = 3, and elastic constants K11 =
13 pN, K22 = 5.8 pN, K33 = 12.7 pN. On the side of
the upper substrate, 20 electrodes of 5 μm width are
placed at distances of 5 μm. These electrodes are con-
nected to different voltage levels to induce a spatially
non-uniform electric field. On the side of the lower
substrate, a non-patterned electrode is placed and con-
nected to the ground voltage. By the adjustment of
the voltages connected to the patterned electrodes on
the side of the upper substrate, the distribution of the
LC directors is determined, which induces the phase
profile of focal length f = 1.7mm for normally inci-
dent light [14]. The voltage levels applied to each
patterned electrode on the side of the upper substrate
are presented in Table 1.

With respect to this distribution of LC directors,
the dependence of the ELC lens is analysed as the
incident angle θ in is changed from 0◦ to 60◦. The
phase changes at position xp along the light path are
calculated using equations (1) and (4). In the ELC
configuration, ne = 1.5977, no = 1.4828, the thick-
ness of the LC cell is 50μm and the LCs are ini-
tially homogeneously aligned. In this configuration,
the x-coordinates of the e-wave and the o-wave that
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1058 H. Hong

Table 1. Voltage levels applied to the electrodes on the side of the upper substrate. The positions of electrodes 11 and
1 correspond to the centre and the boundary of the lens respectively [14].

Electrode 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

Voltage 3.3 2.7 2.5 2.3 2.2 2.1 2.0 1.8 1.6 1.3 1.0 1.3 1.6 1.8 2.0 2.1 2.2 2.3 2.5 2.7

xm xm+1

α

Δφ(xm+1, xm)λ
2π

x

z
α

Figure 4. Scheme to determine the light ray direction from
the phase difference between two positions xm and xm+1.

exit the LC cell are different by 13.6 μm and 14.6
μm from the entry position of (x1, 0) for the inci-
dent angle of 60◦. It means that the difference in the
light path between the e-wave and the o-wave is less
than 1 μm when the incident angle is smaller than 60◦.
Therefore, the light paths of the e-wave and the o-wave
are assumed to be equal inside the LC cell. As the inci-
dent polarisation of the y-direction is parallel to the
optic axis of the LC, the refractive index is assumed to
be ne of the LC for Snell’s Law of sin(θ in) = ne sin(θ r)
and this refractive angle is used for equation (1). Once
the phases inside the LC cell are calculated, the phase
of kx1sin(θ in) is added as well in order to estimate the
direction of the light ray.

Figure 4 illustrates the scheme to determine the
wave front and the light ray direction from the phases
of two positions xm and xm+1. When the phase dif-
ference between two positions xm and xm+1 is �φ(xm,
xm+1), the position that is distant from xm+1 by �φ(xm,
xm+1)/k = �φ(xm, xm+1)λ/2π , will have the same
phase as position xm. From this, the wave front of the
equal phase can be determined. Then the angle α that
represents the propagating direction of the wave front
in Figure 4 can be determined. As the propagating
direction of the wave front is equal to the direction of
the light ray at each position, the directions of light
rays from the spatially non-uniform phase profile can
be determined.

4. Results and Analysis

Figure 5 illustrates the calculated phase caused by the
LC layer of the ELC lens for the different incident
angles. The phase at the lower boundary of the LC
layer is selected as zero. In Figure 5, the symmetric
axes of the phase profiles are shifted for larger inci-
dent angles. These shift can be attributed to the fact
that the x-coordinate of the light path changes from

xm(μm)
Ph

as
e 

(r
ad

ia
ns

)

Figure 5. Spatial phase distribution caused by the LC layer
of the ELC lens for various incident angles. Numbers in the
lower centre of the figure represent the incident angles. The
horizontal and vertical axes represent the x-position and the
phase, respectively.

x1 to xp = x1 + zp sin(θ r). Figure 5 also shows that
the maxima of the phases are observed to decrease for
larger incident angles. However, the wave fronts are
determined not by the maximum value of the phase,
but the shape of the phase curve. So each phase curve
of Figure 5 is modified such that the horizontal posi-
tions of the maximum phases of each curve are shifted
to be the same position and the maxima of each curve
are matched. The results are illustrated in Figure 6.
Figure 6 shows that the phase profile of the larger inci-
dent angle becomes less steep farther from the maxi-
mum position. This can be attributed to the fact that
the obliquely propagating light passes horizontally
through the region of the different refractive indices.

From the result of the calculated phase curve, light
ray directions are determined by the scheme illustrated
in Figure 4. Figure 7 illustrates the calculated result
of the light ray direction and the light ray’s focusing
characteristics on the zx-plane for an incident angle
of 0◦. From the data on the phase at each horizontal
position, the angle of the light ray direction is deter-
mined at the horizontal interval of 1 μm as illustrated
in Figure 7(a). Then the path of light ray coming from
position xm is drawn on the zx-plane for the hori-
zontal interval of 5 μm as illustrated in Figure 7(b).
The phases are calculated to be symmetric with respect
to xm = 100 μm and the light ray at xm = 100 μm
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Ph
as

e 
(r

ad
ia

ns
)

x-direction (μm)

Figure 6. Spatial phase distribution where the curve of
Figure 5 is modified such that the horizontal position and
maximum phase are at the same point. Numbers in the lower
centre of the figure represent the incident angles. The hor-
izontal and vertical axes represent the x-position and the
phase, respectively.

propagates along the z-axis. As the designed ELC lens
structure is symmetric with respect to the position of
xm = 100 μm, the optic axis of the lens can be consid-
ered to pass through the position of xm = 100 μm and
to be parallel to the z-axis.

In Figure 7(b), the light rays show the trend of
focusing around the z-coordinate of 1800 μm when the
x-coordinate of the incident position is near the optic
axis. However, the light rays coming from the xm posi-
tion smaller than 50 μm or larger than 150 μm tend
to pass through the optic axis at the shorter distance.
That the focal length becomes shorter for the light
that is incident parallel to the optic axis and far from
the optic axis of the lens is generally called spherical
aberration [15]. The analysis of the light ray direc-
tion shows that the focusing characteristics of the lens
becomes less uniform as the xm position becomes far-
ther from the optic axis of xm = 100 μm. This can also
provide the information about the horizontal range of
ELC lens which can be utilised.

The position at which light rays intersect the optic
axis can be derived from xm and the angle of the light
ray. If the light ray from any position xm intersects
the optic axis of the lens at the same position, this
intersecting position is the focus of the lens. Then,
the following relations will be held as illustrated in
Figure 8(a).

f = (100 − xa)
tan β(xa)

= (100 − xb)
tan β(xb)

(6)

Here β represents the angle of the light ray for the
lens where the focal position is f irrespective of xm.
From equation (6), angle β is derived to be quite linear

(b)

R
ay

 d
ir

ec
tio

n 
α 

(d
eg

re
e)

 
z-

di
re

ct
io

n 
(μ

m
)

xm (μm)

xm (μm)

α (xm = 150 μm)

(a)

Optic axis of lens

Figure 7. Calculation of the path of light rays from the spa-
tial phase distribution of the incident angle of 0◦. (a) Angle
of the light rays after the light passes through the ELC
lens. (b) Light rays after the light passes through the ELC
lens on the zx-plane. The ELC lens is located at 0 mm in
the z-direction and at x-coordinate ranges of 0–200 μm. The
structure of the ELC lens is symmetric with respect to the
x-coordinate of xm = 100 μm.

as illustrated in Figure 8(b). Comparison of angle β

with the angle α induced by the ELC lens shows that
the difference between the two angles becomes notice-
able as the xm position becomes smaller than 50 μm or
larger than 150 μm.

By the same procedure described above, the light
ray paths are also determined for the oblique inci-
dences where the incident angle θ in is not zero. The
results are illustrated in Figure 9. The angle of the light
ray direction is determined from the sum of the phase
of the ELC lens and kx1sin(θ in). The first part mostly
determines the focusing characteristics; the second
part plays the role of rotating the wave front at each
position by an amount similar to the incident angle.

The angles of light rays from the ELC lens are
illustrated in Figure 9(a). The curves of the angles are
linear near the optic axis where xm is 100 μm but as xm

becomes farther from 150 μm, the curves of the angles
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(b)

R
ay

 d
ir
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tio

n 
α 

(d
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re
e)

 

β (xa)

(a)

Optic axis of lens

x

z

xa xb

β (xb)

f

xm = 100 μm

f  = (100 mm-xa)/tan(β(xa) ) 

= (100 mm-xb)/tan(β(xb) ) 

xm  (μm)

F

α

β

Figure 8. (a) Diagram showing that the right side of equa-
tion (6) should be equal to the focal length f if light rays of
angle β(xm) intersect the optic axis at F irrespective of xm.
The x-coordinate of xm = 100 μm is the center of the lens.
(b) Comparison between angle α and β. The solid line rep-
resents angle α of the light rays from the ELC lens for the
incident angle of 0◦. The dotted line represents angle β which
is equal to arctan((100 μm – xm)/f ).

are no longer linear and this implies that focusing char-
acteristics will deteriorate. In Figure 9(b), light rays for
the xm range of 30–170 μm are illustrated. Figure 9(b)
shows that the light rays gather at some position, but
the z-coordinate of this position becomes smaller as
the incident angle increases.

5. Conclusion

To investigate the performance of an ELC for various
incident angles, a scheme to calculate the phase of the
propagating light through an ELC lens was devised.
The performance of ELC lens was characterised from
the calculated directions of light rays.

z-
di

re
ct

io
n 

(μ
m

)

(b)

(a)

in

α(degree)

xm (μm)

xm (μm)

Figure 9. Comparison of the path of light rays for the vari-
ous incident angles. (a) Angle of the light rays after the light
passes through the ELC lens. Phase kxmsin(θ in) at the side
of the lower substrate is included. Numbers on the upper
side represent the incident angles. (b) Light rays after the
light passes through the ELC lens on the zx-plane. The ELC
lens is located at 0 mm in the z-direction and at x-coordinate
ranges of 0–200 μm. Light passing through the x-coordinate
ranges of 30–170 μm is represented in the figure.

The calculated results show that the performance
of ELC lens in focussing light at one position decreases
when the incident light is farther from the optic axis
of the lens. The results for oblique incidence show
that the focal distance decreases as the incident angle
increases.
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